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Notation and math reminders



Scalars

e a scalar is a number

e R is the set of real scalars
(as opposed to integer, rational, imaginary, complex, ...)

e the notation @ € R means « is a real scalar
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e a vector is an ordered list of numbers

the dimension of a vector is the length of the list

e column vectors are vertical lists; row vectors are horizontal

R" is the set of real n-dimensional column vectors

e we write a € R as
ai

or (ai,...,an)
an

ai € Ris element / of a € R"
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e a matrix is a rectangular array of numbers

e the size of a matrix is (# of rows) x (# of columns)
e R™*M s the set of real m x n matrices
e we write A € R™*7 35
A11 A1n
A= : :
Ami ... Amn
e AjcRiselement i, jof A
e the transpose of A € R™*" is
A11 . Aml
AT — : : c Rn><m
A, ... Amn
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Matrices generalize vectors generalize scalars

e a matrix A € R™! with 1 column is a column vector
(and a matrix A € RY" with 1 row is a row vector)

e a 1-dimensional vector a € R is a scalar

e for these reasons, we write R"*! as R” and R! as R
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Scalar multiplication

fora € R, a€ R", and A€ R™*",

aal
aa=aa =
aap
and
OtA11 e CMAln
aA = Aa = : :
aAmi ... Amn
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Inner product

e for a, b€ R”",

aTb:[al a,,] | =aibi+ -+ apby
bn

e also called dot product, sometimes denoted a - b or (a|b)
1

e example: 1Ta=a;+--+ap where 1 = | €R”
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Matrix-vector multiplication

e for Ac R™" and b € R",

A11b1 + -+ + A1nbp
Ab = :
Amlbl + -+ Amnbn

e example: Ib = b, where | = € R™n
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Matrix-matrix multiplication

for A€ R™*" and B € R"*P, the i,/ element of AB € R"*P is

(AB); =

syntax AB only parses if (# columns of A) = (# rows of B)
caution! AB # BA in general

¢ syntax AB = BA only parses if A and B are both n x n
o even if A and B are both n x n, AB = BA only in special cases

e if A€ R™" is invertible, then A~1A = AA"1 = |
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Matrix-valued functions of scalars

e A:R — R™*" means A is a function that

o takes scalars as inputs
© gives m X n matrices as outputs

e for A: R—= R™ " and t € R, we write

All(t) - Aln(t)
At) = : :
Ami(t) ... Amn(t)

e A(t) € R™" (an m x n matrix) is the value of A at t

e Aj:R— Riselement i, jof A
(Ajj is a scalar-valued function of scalars)
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Differentiating matrix-valued functions of scalars

e the derivative of A: R — R™*" is

dAll(t) o dAln(t)
dt dA,,;l(t) dA,,;,,(t)
dt e dt

e product rule: for A: R — R™ " and b: R — R",

d
S(AD)B() =
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Integrating matrix-valued functions of scalars

e the integral of A: R — R™*" is

/:2 A(t)dt =

e fundamental theorem of calculus; for A: R — R™*",

t

2 An(t)dt .. 2 Ara(t)dt

2 Am(t)dt . [2 Ap(t)dt
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Block matrices

e the elements of a block matrix are matrices, e.g.

-[3

e submatrices B, C, D, and E must have consistent dimensions
B and C must have the same # of rows

D and E must have the same # of rows

B and D must have the same # of columns

C and E must have the same # of columns

<&

S 00
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First-order linear scalar ODEs



Scalar ordinary differential equations (ODEs)

e a scalar ODE
¢ has a scalar-valued function of scalars as the variable
o relates that function to its (ordinary) derivative(s)

e examples:
dx(t)
dt
d?x(t
-jﬁglzzgmxu»
d3x(t) dx(t)
i~ a0
e solving these ODEs means finding the function x : R -+ R

=e 'x(t) -3
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Categorizing ODEs

e the order of an ODE is the highest derivative it contains

e an nth-order ODE is linear if it can be written as

d"(t) d"1x(t) dx(t)
qen —an_l(t)dtn—_l+"'+31(t)?+30(t)X(t)+b(t)
for some functions ag, ..., an—1, b: R—R
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ODE categorization examples

dx(t) _ -t
T =€ X(t) -3
d®x(t)
P sin(x(t))
d3x dx
déﬂztcﬁ)_“”
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Solving first-order linear ODE initial value problems (IVPs)

e a general first-order linear scalar ODE IVP has the form

4&%:9”,%¥2=4046+Mﬂ

e multiplying the ODE by any positive g : R — R gives

e recall the product rule,

e soif dg(t) = —a(t)g(t), then
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What positive g : R — R satisfies

e let [ a(t)dt (itself a function of t) denote any antiderivative of a
o example: if a(t) = cos(t), can use [ a(t)dt = sin(t)

o guess: g(t) = e Ja(t)dt
o this g is positive since e > 0 for any number z € R

e check: d
g(1) _ ie—fa(t)dt
dt dt

= —a(t)e(t)
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Solving first-order linear ODEs (continued)

e with g(t) = e~ /209t we have

2 (x(1)e(6)) = 8(1)b(2)

-

e this is the solution x to our first-order linear ODE IVP
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Summary: Solving first-order linear ODE IVPs

the solution to the first-order linear ODE IVP

Aﬁhzxm,%¥2:4o40+dﬂ

1 init\ init !
X(0) = g [+ [ g(rprier]
where
g(t) _ e—fa(t)dt
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Special cases with constant coefficients

e if a is constant, then g(t) = e * and
init ini t
X(t) _ e(tft )aX|n|t+eta/ efTab(T)dT
tinit

e if b is also constant and a # 0, then

inity, o (t=t")a _ 1
X(t) _ e(tft )axlnlt + € - b

e if a=0 and b is constant, then
X(t) — Xinit + (t . tinit)b,

as expected from the IVP x(t"'t) = x'™*, 5 =
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Battery example



A simple battery model

e a simple model of a battery is

e x(t) € R (kWh) is the stored chemical potential energy
e 7 > 0 (h) is the self-dissipation time constant

e phem(t) (kW) is the chemical charging power
(or discharging if p"*™(t) < 0)
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Solving a battery IVP with constant power

e the battery model is a first-order linear ODE with

¢ a= —1/7 (constant)
o b(t) — pchem(t)

e so if p'®™M(t) is constant and x(t"t) = x™t, then

x(t) =

e as t — 0o, x(t) approaches a steady state xfi" = 7pchem:

x(t) =x" = 9259-2

22 /34



The solution is a mixture of the initial and final states

e any mixture of quantities z; and z can be written as
Az + (1 — )\)22

for some weight A € [0, 1]
e since 7 is positive, e~ (t=t")/7 ¢ [0, 1] for all t > ¢t
e so (with constant p"®™) the battery IVP solution
x(t) = e (=t /7 nit | [1 _ o= (t=tt)/7] | fin

M) 1-X(t)

is a mixture of x™* and xf", weighted by \(t) = e—(t—t"")/7
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Convergence rate in terms of the time constant 7

e define the normalized gap between x(t) and xfi",

fin
x" — x(t)
y(t) = Xfin — xinit”’

normalized by the initial gap xfin — xinit
e a little algebra shows that y(t) = e~ (t=t")/7

e so after n time constants, 100e~"% of the initial gap remains

t ‘ tinit ‘ tinit_|_7. ‘ tinit+27_ ‘ tinit+37_ ‘ tinit+47.
y(t) | 100% | 37% | 14% | 5% | 2%
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Linear vector ODEs



First-order linear vector ODEs

e a first-order linear scalar ODE has the form
dx(t)

dt
where a(t) € R, b(t) € R, and the variable is x : R — R

e a first-order linear vector ODE has the form

dx(t)

dt
where A(t) € R"™", b(t) € R”, and the variable is x : R = R”

e in terms of the matrix and vector elements,

= a(t)x(t) + b(t)

= A(t)x(t) + b(t)
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Solving first-order linear vector ODE IVPs

e the first-order linear vector ODE IVP

(1)

tinit — init R"
x(t'"™) =x"" € R, dat

= A(t)x(t) + b(t)

has no analytical solution for general time-varying A(t)
e but for constant A, the IVP has solution

where eM € R™" is the matrix exponential of M € R"™*"
e in Matlab, e™ = expm (M)
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The matrix exponential of any M € R"™"

e notation: M2 = MM, M3 = MMM, and so on
e definition:

1 1
M _ L2, L3
=1+ Mt o M? 4 M

e why define the matrix exponential? because for any t € R,

d m_ d 2 =433
dte dt(/—i—t/\/l—i— —t°M 3!t/\// + ...
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Properties of the matrix exponential of any M € R"*”"

o detM = MetM = MM for any t € R
e e =/ (where 0 and / are n x n)

o eltit)M _ ottMoteM for any t 1, € R

M -1

e eM is always invertible and (etM)™1 = e~

tM.
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Properties of the matrix exponential (continued)

if M is invertible, then

to
/ etMys — p-1 (etzM _ eq/\//) _ (etzM _ et1M> V-1

t1

since q
_etM _ Metl\/l
dt
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Homework: Prove the linear vector ODE IVP solution

dx(t)
dt
L n t
X(t) _ e(t_tmlt)AXInlt + etA/ e_TAb(T)dT

tinit

x(£") = xint ¢ R, — Ax(t) + b(t)

o follow the steps from the scalar ODE IVP proof
e use properties of the matrix exponential
e use the product rule: for G: R — R™" and x: R — R",

d B dx(t) dG(t)
S(G(Ox()) = 6(B) =~ + —x(t)
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Special case of invertible A, constant b

if Ais invertible and b is constant, then
x(t) = e(t—t)A init | [e(t—ti”it)A - /} A-1p

since

t
et e TAbdr =
tinit
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Special case of noninvertible A, constant b

if A and b are constant, then

o t
X(t) — e(t—t'"'t)AXmlt + etA/ e "Adrb

tinit

how to compute etA ftfnit e~ "Ad7b when A is noninvertible?

compute e(t=t")A where A = [A b} c RH1xntl

the upper right n x 1 block of e(t=t™)A ig otA f,_fnit e ™Adrb
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Special case of noninvertible A, constant b (proof)

e define the constant dummy variable y(t) =1 and

2(t) = [;8] _ [e(f—ti"it)A A [L, f_TAdTb] [Xi::it]

e then

ini X"t dz(t) dx(t)
2(t™) = [ 1 ] T [df&)
d

[ -

y(t)

t

1
|:e(ttinit)A etA ftfn;t eTAdTb] _ o(t—t"™)A

L init
e this linear ODE IVP has solution z(t) = e(t=t"")A [X ]
e it follows that

1 =
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